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Abstract. Given a 3-dimensional Riemannian manifold (M,g), we investi- 
gate the existence of positive solutions of the Klein-Gordon-Maxwell system 

-e 2 A g u + au = m^ -1 + ui 2 (qv — l) 2 u in M 
-A g v + (1 + q 2 u 2 )v = qu 2 in M 

and Schrodinger-Maxwell system 

-e 2 AgU + u + ujuv = u p ~ 1 in M 
—A g v + v = qu 2 in M 

when p £ (4,6). We prove that the number of one peak solutions depends 
on the topological properties of the manifold M, by means of the Lusternik 
Schnirelmann category. 



1. Introduction 

Let (M, g) be a smooth, compact, boundaryless, 3 dimensional Riemannian man- 
ifold. 

We consider the following singularly perturbed electrostatic Klein-Gordon-Maxwell 
system 



(1) 



— e 2 A g u + au = \u\ p 2 u + uj 2 (qv — l) 2 u in M 
— A g v + (1 + q 2 u 2 )v = qu 2 in M 



u, v > 

where e > 0, a > 0, q > 0, ui E (—^/a, y/a) and 2 < p < 6, and the following 
Schroedinger Maxwell system. 

— e 2 A g u + u + ujuv = \u\ p ~ 2 u in M 



(2) 



-A g v + v = qu 2 



u. v > 



in M 



where e > 0, q > 0, u> > 0. 
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Schroedinger Maxwell systems recently received considerable attention from the 
mathematical community. In the pioneering paper [10J Benci and Fortunato stud- 
ied system ^ when s — 1 and without nonlinearity. Regarding the system in a 
semiclassical regime Ruiz [M] and D'Aprile-Wei [16J showed the existence of a fam- 
ily of radially symmetric solutions respectively for f2 = M 3 or a ball. D'Aprile-Wei 
[17] also proved the existence of clustered solutions in the case of a bounded domain 
9, in M 3 . 

Moreover, when e = 1 we have results of existence and nonexistence of solutions 
for pure power nonlinearities f(y) = |i>| p_2 v, 2 < p < 6 or in presence of a more 
general nonlinearity pMIll[Il[IE[23[33[36]. 

In particular, Siciliano |35) proves an estimate on the number of solution for a 
pure power nonlinearity when p is subcritical and close to the critical exponent. 

Klein-Gordon-Maxwell systems are widely studied in physics and in mathemati- 
cal physics (see for example JT3M2TJ128, 29 , 30J. In this setting, there are results of 
existence and non existence of solutions for subcritical nonlinear terms in a bounded 
domain Q (see [2 QU H2I US HBl 021 US E3 EU). 

As far as we know, the first result concerning the Klein-Gordon systems on 
manifolds is due to Druet-Hebey [22] • They prove uniform bounds and the existence 
of a solution for the system ([1} when e = 1, a is positive function and the exponent 
p is either subcritical or critical, i.e. p G (2,6]. In particular, the existence of 
a solution in the critical case, i.e. p — 6, is obtained provided the function a is 
suitable small with respect to the scalar curvature of the metric g. 

In this paper we show that the topology of the manifold (M, g) has an effect on 
the number of positive solutions of the systems (p} and ([2]) with low energy. Our 
results read as follows. 

Theorem 1. Let 4 < p < 6. For e small enough we have at least cat(M) + 1 non 
constant positive solutions of (QJ) with low energy. These solutions have a unique 
maximum point P e and u e = W £t p e + 1 J r e where W e ^p e is defined in fSJ) H^H^oc — > 
as e — > 0. 

Theorem 2. Let 4 < p < 6. For e small enough we have at least cat(M) + 1 non 
constant positive solutions of p|) with low energy. These solutions have a unique 
maximum point P e and u e = W £t p e + 1 J r e where W e _p e is defined in f3|) ||'I' e ||£o — > 
as e ~ > 0. 

In [24] the authors show that also the geometry of the manifold (M, g) has an 
effect on the number of positive solutions. More precisely the authors prove that 
any C 1 -stable critical set of the scalar curvature S g of (M, g) produces a solution 
for 2 < p < 6. 

Moreover, in [21] it is proved that generically with respect to the metric g, for 
e small the (Q} and the ([2]) systems have at least Pi{M) solutions where Pt(M) 
is the Poincare polynomial of the manifold M in the variable t and Pi (M) is the 
polynomial P t {M) evalued for t = 1. 

Conluding, for any metric g we have at least cat M positive low energy solutions 
of KGM for 4 < p < 6 and SM systems for 4 < p < 6, and generically with respect 
to the metric g, we have at least Pi(M) > catM positive low energy solutions of 
([1]) and (O for 2 < p < 6. 

In the following we always assume 4 < p < 6 when dealing with KGM systems 
and 4 < p < 6 when dealing with SM systems. 
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2. Notations and definitions 
In the following we use the following notations. 

• B(x, r) is the ball in R 3 centered in x with radius r. 

• B g (x,r)is the geodesic ball in M centered in x with radius r. 

• d g (-, -)is the geodesic distance in M. 

• The function U(x) is the unique positive spherically symmetric function in 
R 3 such that 

—AU +(a- u?)U = U 13 - 1 in R 3 

we remark that U and its first derivative decay exponentially at infinity. 

• Given e > we define U £ {x) = U (§). 

• Let \r ■ R + — > K + be a smooth cut off function such that \ r = 1 on 
[0,r/2), x r = on (r, +oo), |Xrl < 2 /r and |y"| < 2/r 2 , r being the 
injectivity radius of M. 

• Fixed £ G M and e > we define 



(3) w; 



U e ^cxp e ^z)) \r ( exp c ^x) ) x e B g (£,r); 

elsewhere. 



• We denote by supp ip the support of the function ip. 

• We define 

mf ^ /" |Vw| 2 + (a-w 2 ) W 2 ^- JK p(k3) 

/„3 |V« | 2 + (a-w 2 )i) 2 di:=|D|P p(H 3 ) 2 J R 3 p 

We also use the following notation for the different norms for u e Hg(M): 
Nle = i/ e 2 |V ffM | 2 + (a-c 2 ) W 2 d Mff l<p=4/ M P ^ 9 

£ J M e J M 

Nlk = K=/" |V gU | 2 + u 2 d Mg Nik = !<,= /" M p ^ 9 

9 JM 9 JM 

and analogously, for a function u € iJ 1 (R 3 ) 

Nlffi=/" |Vw| 2 + u 2 da; ||u|| 2 = / iVwp + la-w 2 )^ 2 ^ 

||«||^ - f \u\Pdx 
Jr 3 

and we denote by H e the Hilbert space Hg{M) endowed with the || • || e norm. 

Definition 3. Let X a topological space and consider a closed subset A C X. We 
say that A has category k relative to X (cat M A = k) if A is covered by k closed 
sets Aj, j = 1, . . . , k, which are contractible in X, and k is the minimum integer 
with this property. We simply denote cat X = catx X. 

Remark 4. Let X\ and X2 be topological spaces. If 171 : X\ — > X2 and gi : X2 — > X\ 
are continuous operators such that g 2 9i is homotopic to the identity on X\ , then 
catXi < ca,tX 2 ■ 

We recall the following classical result 
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Theorem 5. Let J be a C ' real functional on a complete C ' manifold Af. If 
J is bounded from below and satisfies the Palais Smale condition then has at least 
c&t(J d ) critical point in J d where J d = {u £ Af : J(u) < d}. Moreover if Af is 
contractible and cat J d > 1, there exists at least one critical point u ^ J d 

3. Key estimates 

In order to overcome the problems given by the competition between u and v, 
using an idea of Benci and Fortunato [IT], we introduce the map ip : Hg(M) — > 
Hg(M) defined by the equation 

(4) - A g ijj(u) + (f + q 2 u 2 )^(u) = qu 2 in case of KGM systems 

(5) — A g ip(u) + ^(u) — qu 2 in case of SM systems 
The map ip is of class C 2 . Its first derivative 

h^iP'(u)[h] = V u (h) 
is the map defined by the equation 

(6) - A g V u {h) + (1 + q 2 u 2 )V u {h) = 2qu(l - qip(u))h in case of KGM systems 

(7) — A g V u (h) + V u (h) = 2quh in case of SM systems 

its second derivative (h,k) —> tf;"(u)[h, k] — T u (h,k) is the map defined by the 
equation 

- A g T u (h, k) + (1 + q 2 u 2 )T u (h, k) = -2q 2 u(kV u (h) + hV u (k)) + 2q(l - qt/j(u))hk 

in case of KGM systems 

-A g T u (h, k) + T u (h, k) = 2qhk in case of SM systems 
Moreover in case of KGM systems by the maximum principle we have that < 
ip(u) < 1/q, while in case of SM systems we have ip(u) > 0. 

Remark 6. We have that ||V^(/i)||^fi < c|/i|3 )g |n|3 )S . For SM systems is straightfor- 
ward. In the case of KGM systems we have, by ^ 




< [ 2qu{l-q^(u))hV u {h)d^g <c\\V u (h)\\ H1 \h\ 3 . g \u\ 3 .g. 
Jm 

Furthermore, for KGM systems, it holds < V u (u) < 2/q for any u. (see |22| ) 
Lemma 7. The map O : Hg(M) — > K given by 

0(«) = \ ( (1 - q^(u))u 2 dfig 
is C 1 and for any u, h £ Hg(Al) 

Q'(u)[h] = [ (1 - q^(u)) 2 uhdfi g 

For the proof of this result we refer to |22| 

Lemma 8. Let u n — ^ u in Hg(M). Then, up to subsequence, ip(u n ) — 1 ip(u) in 
H]{M). 
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Proof. We set ip n :— ip(u n ) it holds 



\\i>n\\ H i < IhMffi + / q u n ip n dfi g = q u n ip n dfj, g < c\u n \ 4 g \\ip n \\ H i 

9 9 JM J M 

then 1 1 | Iff 1 5: c|w n |4 g , thus H^nllffj is bounded and, up to subsequence, ip n %jj 
in Hg(M). We recall that ip n solves thus passing to the limit we have that i/S 
is a solution of the equation 

-A g ip + (1 + q 2 u 2 )tp = qu 2 . 

By the uniqueness of the solution of ((4]) we have ip = ip(u). 

The claim can be proved for SM systems in a similar way. □ 

Remark 9. Let W e ,(, defined in (j3]). The following limits hold uniformly with respect 
to £ £ M. 

\\W E ,s\\l -> I |VC/| 2 + (a-uj 2 )U 2 dx 
\W e , e \e,t ||1/|U«(r») for aU 2 < t < 6 

Furthermore, by definition of the function U, 

[ \S7U\ 2 + (a - uo 2 )U 2 dx = [ \U\ p dx 

4. Setting of the problem 

Hereafter we limit to consider the KGM system. The case of SM system is 
straightforward, the unique difference is in the proof that the Nehari set is a regular 
manifold. There we have to exclude the case p = 4. 

We consider the following functional I e e C 2 (iJ^(M),M). 

(8) I e {u) = \\\u\\l + fG e {u)- l -\u + t P 

where 

G e (u) = -^q f u 2 ip(u)dn g 

and, by Lemma [3 



A/ 



(9) G' e (u)[<p] = 1 f (2q^ 2 (u) - q 2 ^{u)) Uifid^g 

£ JM 

The function I e is of class C 2 because the map ip(u) is of class C 2 . By ([9]) we 
have that 

l' e (u)tp = — I e 2 W g uWgip + auip — (u + ) p ~ 1 ip — us 2 (l — qip(u)) 2 uipdn g 
£ -hi 



thus a critical points u e of the functional I £ is positive and it is such that the pair 
(u E ,tp(u e )) is a solution of ([T]). 
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5. Nehari Manifold 
We define the following Nehari set 

M E - {u G Hg(M) \ : N e (u) := l' e (u)[u] = 0} 
Lemma 10. M e is a C 2 manifold and inf^ ||u|| e > 0. 
Proof. If u G M e , we have 

= N £ (u) = \\ u \\ 2 -\u+\P p + ^ {2-q^{u))^{u)u 2 d,i g 

£ Jm 

= \\u\\ 2 - \u+\l p + |J / (2^(u) - i,'{u)[u]) u 2 d^ g 



A I 



The functional N £ is of class C 2 because ip is of class C 2 . In particular we have 
Ne(u)[u] < for m G W e and 4 < p < 6. In fact we have, by ©, 

JVi(«)[u] = 2\\u\\t-p\u+\i p + ^ [ {2-q^{u))^'{u)[u]u 2 dn 



M 

2qu> 2 f q 2 uj 2 f 

H 3-/ (2- qip{u))Tp{u)u 2 d^ g — / ip' ' {u)[u]'ip{u)u 2 diJ. g 

£ Jm £ Jm 

2 /> 

(2 - p)\\u\\ 2 + ^- / [4 - p - 2q^u)]^{u)u 2 d f i g 



M 



2 

gar 



(10) / 2 - ? - 2g^(«)l ^'(u)[ M ]u 2 d Ms < 

so M E is a C 2 manifold. 

We prove the second claim by contradiction. Take a sequence {u n } n G jV £ with 
||w n ||e — > while n — > +00. Thus, using that N e (u) — 0, 

IKH 2 + f [2 - qijj{u n )]u 2 n TP(u n )dfj, g = \u+\P E < C\\u n \\l, 
£ Jm 

so, because < ip(u n ) < 1/q, 
2 i> 

1 < 1 + ,r H2 / [ 2 " #(«n)]«nV'K)d/i fl < C|| U „||r 2 ->■ 
and this is a contradiction. □ 
Remark 11. If u G A/" E , then 

/,(») - (i - i) Mi + (i - 1) £ / m - VW*. + ^ / ; -VM*. 

^ - - ) + ^-"^ / U 2 tl> 2 (u)dHg ~ j U 2 tp(u)dn g 

A V) * £ Jm a £ Jm 

Lemma 12. It holds Palais-Smale condition for the functional I e on the space H £ . 

Proof. . Let {u n } n G H e such that 

I s (u n ) -> c |/g(u n )[<^]| < CTnllvlle where a n -> 
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We prove that ||un||e is bounded. By contradiction, suppose \\u n 
by PS hypothesis 



oo. Then, 



pl e {u n ) - r e (u n ){u n } 



\\u n \ 



(I 



) IKHsH 


quj 2 r ■ 






' e 3 Jm L 



2 + qi/>(u„ 



\\ u n\\e 







Since p > 4 and ip(u n ) > this leads to a contradiction. 

At this point, up to subsequence u n — > u weakly in H e and strongly in L g (M) 
for each 2 < t < 6, then by Lemma[5]we have, up to subsequence, tp(u n ) := ip n 
tp — ip(u). 

We have that 

u n - i^u+f-^+^q^ - 21> n ) U n ] -> 



where the operator i* : LP , | • | E)P / — > i/ £ is the adjoint operator of the immersion 
operator i e : H e — > L p gl \ ■ | SjP . Since i*[(it+) p_1 ] converges to i*[(u + ) p_1 ] it is 
sufficient to show that the sequence i* [(qip^ — 2^„) «„] — > i* [[q'tp 2 — 2?/>) it] in H g 
to obtain that u n — > u in iJ^. We will show that (qip^ — 2-0„) u n — > {q4> 2 — 2ip) u 



in . We have 



n (u n u)\p> 



(11) 
and 

(12) 

For the first term of (fTTjl we have 



\lpn - Ipl"- 1 \u\p- 1 < 



M 



M 



\u\ p- 2 



M 



p-i 



and for the other terms we proceed in the same way. This concludes the proof. □ 

Lemma 13. Lf {u n } n € Af £ is a Palais-Smale sequence for the functional L e con- 
tstrained on M e , then {u n } n is a is a Palais-Smale sequence for the free functional 
L £ on H £ 

Proof. Let {u n } € Af e such that 



L £ (u n ) c 
\L' E (u n )[<p] - X n N'(u n )[ip]\ < a n \\ip\\ 



In particular L' e (u n ) 



- X n N'(u„) 
X n N'(u n ) 



with o~ n 
0. Then 



-> 0. 



By (HHJ), if inf |A„| 7^ 0, we have that ||u n ||e — > and this contradicts Lemma [TU1 
Thus A„ — > 0. Since 



Ie(u n ) 



1 1 

2 ~P 



1 2\ cu 2 q 



M 



1 1 

u z q z 



u n ip n dng -> c 
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we have that is bounded. By the expression (fT0|) of N'(u n ) and by Remark 

|6]we have that |iV'(u„)[</?]| < c||<^|| £ . Thus we obtain that {u„} n is a PS sequence 
for the free functional I £ , and we get the claim. □ 

Lemma 14. For all u £ Hg(M) such that \u + \ £ . p = 1 there exists a unique positive 
number t e = t e (u) such that t £ (u)u € Af £ . Moreover t e [u) depends continuosly on 
u, provided that u + ^ 0. Finally it holds 

lim t £ (W £ ^) = 1 uniformly with respect to £ G M. 
Proof. We define, for t > 

H(t) = I £ {tu) = \t 2 \\u\\ 2 £ + f^i 2 f ^(tu)u 2 d^ g - -. 

z Z£ JM P 

Thus, by © 

,2 



(13T(*) = t(\\u\\l + ^Jj2-qi,(tuM(tu)u 2 d^ g -t^ 

ip(tu)u 2 dLi g +'^ T t [ il)'(tu)[u]u 2 dyL g -t p - 2 \ 
2e Jm J 



t\\\ u \\i + q 4- 



M 

H-I?"!/) = IMI' + fJ/ \2-q^{tu)]^{tu)u 2 d N 



2 

+ / [1 - qiP(tu)]^(tu)[u}u 2 dii g - (p - l)t p - 2 

By (fT5| there exists t e > such that H'(t £ ) = 0, because, for small t, H'(t) > 
and, since p > 4, it holds -ff'(i) < for £ large. For t £ , by (fT5|) we have 

ff- 2 = \\U\\ 2 + f ^U^d^ + ^jt £ f lP'{t £ U)[u]u 2 dHg 

e Jm Ze Jm 

then, by Remark |6] 

H'%) = (2-p)\\u\\ 2 + ^ f \2-p-U(t e u)\^t e u)u 2 d» g 

+?T / t 3 - P ~ 2#(i e ti)]V \t £ u)[t £ u}u 2 d[ig < 0, 
2e ci Jm 

so t £ is unique. The continuity of t £ is standard. 
We now prove the last claim. We have 

(15) tr 2 \W £ ^\i p = \\W £ , 6 \\ 2 + q -^ [ ^t £ W £ ^)W 2 ^g 

£ J M 

q 2 L0 2 



where t £ = t £ (W £ ^). It holds 

(16) lin iif «c)^* 9 =o 

e-Hl £ t £ J M 

(17) lim -L J ^ 2 {t £ W £ ^W 2 ^g = 
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In fact, set ij}(t e W e ^) := tp e . We have, by Remark[9] 



< / IV^sI 2 + #(1 + g 2 *?^)^ = t 2 e q [ W^dfi 
9 Jm Jm 



Moreover 



1/ ^wl^ a <±u E \\ H Jf wlfdn t 

t JM t \J M 



5/6 1 

< ci 2 -£ 5 , 



and 

so we proved (|16p and (|T7)) . 

For any sequence e n — > 0, by (fT6f and (fl7f and by Remark [9] we have that t Sn 
is bounded. Then, up to subsequences t £n — > t. By (|15p we have t p ~ 2 \U\ P LP ^3^ = 
/ R 3 |V£/| 2 + (a - uj 2 )U 2 dx and by Remark^ we have i = 1. □ 

6. Main ingredient of the proof 

We sketch the proof of Theorem [TJ First of all, since the functional I e 6 C 2 
is bounded below and satisfies PS condition on the manifold A4, we have, by well 
known results, that I £ has at least cat if critical points in the sublevel 

I? = {ueK ■ I s (u)<d}. 

We prove that, for e and S small enough, it holds 

catA/<cat(A4n/™- + ' 5 ) 

where 

moo ■= inf - / \Vv\ 2 + (a - uj 2 )v 2 dx / \v\ p dx 

Moo 2 J M 3 p J R 3 

Noo = <v € H 1 (R 3 ) \ {0} : f \Vv\ 2 + {a-LU 2 )v 2 dx = f \v\ p dx\ 
I Jr 3 Jr 3 i 

To get the inequality cat M < cat (j\f e n I , J l °°+ 5 ^j we build two continuous operators 

p : A4 n if ~ +a -> M r 

where M r = {a; e : d(x, M) < r} with r small enough in order to have cat M — 
catM r . Also, we will choose r smaller than the injectivity radius of M. 

We build these operators $ e and /3 such that f3 o <£> e : M —> M r is nomotopic to 
the immersion i : M — ¥ M r . By the properties of Lusternik Schinerlmann category 
we have 

catM < cat (jV £ n I™°°+ s ) 

which gives us the estimates on the number of solutions contained in Theorem [1] 
With respect to the profile description of any low energy solution u e , first, we prove 
that u e has a unique local maximum point P e (see Lemma I23|) then we show that 
u e = Wp E . e + where H^Hl^m) for e -> (see Lemma [24]) . 
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7. The function $ e 

We define a map 

<I> e : M ->• A4 
4> £ (£) = * e (Wf, e )W c , e 

Proposition 15. For all e > i/ie map $ e is continuous. Moreover for any 5 > 
£/iere exists Eq — £q(5) such that, if e < Eq then I s ($ e (£)) < TOqq + S. 



Proof. It is easy to see that $ e is continuous because t g (w) depends continously on 

we Hi. 

Now, we have 

I e (t E (W e ,s)W E ,s) = \tl\\W £<i \\l - -t p e \We,i\ P e. P + ^Qtt [ ^(teW^W^d^ 
z P £ Jm 

By Remark [9] and Lemma [14] and by (fl"6|) we have 

I £ (t e {W e ,e)W e ,t) ->• 

uniformly with respect to £. This concludes the proof. □ 



Remark 16. We set 



By Proposition [15] we have that 



m E = inf 7 E 



limsupm e < moo. 

8. The map j3 
For any u £ Af e we can define a point G by 



j 9(u) = 



J M \u+\Pdx ' 

The function /3 is well defined in Af e because, if u € N e , then u + ^ 0. 

We have to prove that, if u £ N e n 7™~+' 5 then /3(u) € M R . 

Let us consider partitions of the compact manifold M. For a given e > we 
say that a finite partition V e = {Pj} j eA °f the manifold M is a "good" partition 
if: for any j 6 A e the set PJ is closed; Pf fl PJ C 9Pf n dPJ for any i ^ j; there 
exist 7"i(e), ^(e) > such that there are points g| G PJ for which P 9 (q|, e) C P? C 
B g (qj, ^(e)) C P g (q|, ri(e)), with ri(e) > ^(e) > Ce for some positive constant 
C; lastly, there exists a finite number i/(M) e N such that every £ g M is contained 
in at most v(M) balls B g {q^, ri(e)), where i/(Af) does not depends on e. 

Lemma 17. There exists a constant 7 > such that, for any 6 > arte? /or any 

£ < £o{S) as in Proposition \15l given any "good" partition V e = °f th> e 

manifold M and for any function u £ A4 H /™°°+ l5 £/iere exists, for an index j a set 

P? such that 
j 
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Proof. Taking in account that N £ (u) = I'(u)[u] = we have 

||u||* - W + \i P ~^- ^(2-#(u))V(u)u> s <|u+|f )P 



M 



Ei/ i" + r^ = E 

3 " Pj 3 



M+l 2 



where uj is the restriction of the function w + on the set Pa. 

3 J 

At this point, arguing as in Lemma 5.3 of [5], we prove that there exists a 
constant C > such that 

J2H\l P <Cv(M)h + \\l 

3 

thus 

m f x ^K + r/}>^M) 

that conludes the proof. □ 

Proposition 18. For any 77 € (0, 1) £/iere exists Sq < s-uc/i i/iai for any 5 £ 
(0, So) and any s £ (0, £q(S)) as in Provosition \15\ for any function u £ N e ^Il rl °° +s 
we can find a point q — q(u) £ M such that 

4 / (u + r>(l-v)^rn x . 
£ JB{q,r/2) V - 2 

Proof. We first prove the proposition for u £ j\f e n /™e+ 2A . 

By contradiction, we assume that there exists rj £ (0, 1) such that we can find 
two sequences of vanishing real number Sk and s k and a sequence of functions {uk} k 
such that u k £ N ek , 



(18) m Ek <I Ek (u k )=[---)\\u k 



1 1 



2 



1 2\u 2 q [ a 
- - - -j- / u k ip{u k )dfj, s 
1 PJ £ k Jm 



2 2 

W V / 2,2, 



(uk)dng 

< m Ek + 2S k < moo + 3<5 fe 
for fc large enough (see Remark [TBI) . and, for any q £ M, 

2p 



4P Jm 



(19) - / {utfd^ g < (1 - V ) ^-moo- 

e k J B g (q,r/2) P-4 

By Ekeland principle and by Lemma [JJJ] we can assume 

(20) \l' £k (u k ){Lp}\ < o- k \\(p\\e k where a k -> 0. 
By Lemma [T7] there exists a set P k k £ V Sk such that 

i f |u+i^ Ms > 7 . 

and we choose a point q k £ P k k . We define 
Uk(x)Xr (\exp~*(x)\) = u k {exp qk (yj)xr(\y\) = Ufc( ex P 9fc (£ fc s))xr(efc|z|) := u?k(z) 
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where x £ B g (q k ,r) and z £ B(0, r/e k ) C M. 3 . 

We have that w k £ H^(B(0,r/e k )) C if^M 3 ). By equation (TBI) we have 

||Wfc||tfi(R3) < CIKIIe* < C. 

So there exists awe i/ 1 (M 3 ) such that, up to subsequences, w k — » w weakly in 
JT^K 3 ) and strongy in Lf oc (M 3 ). 

We claim that w > is a weak solution of 



,p-i 



(21) -AiD + (a-w 2 )iD = '« 

We notice that for every / £ Cq°(R 3 ), there exists k such that supp/ C -6(0, r/2e k ). 
Thus, considered 

fk(x) ■■= f (^-exp~^(x) \ = f(z) where x = exp ?fc (e fe z), 

we have that supp/fc C B g (q k , r/2). 

Moreover, we have < CH/Hh 1 ^)) thus, by Ekeland principle we have 

(22) |4 (u fc ) [/ fe ]| < (TfeHMI^ -> while fc -> oo. 
On the other hand we have 

(23) 

I's(uk)[fk] = — / £fflgUkVgfk + au k fk-(u k h ) p ~ 1 fk-u 2 (l-q'il;(u k )) 2 Ukfkd[ig 
£ k Jm 

= i u k, fk) E . - -5 [ (ul) p ~ 1 f k dfig + -^L- I (2- qijj{u k ))%lj{uk)ukfkdp.g 
£ k Jm e k Jm 

J2&kz)d Zi w k (z)d Zj f(z) + (a-u; 2 )w k (z)f(z) Ig^ez^dz 

{wt(z)Y- 1 f(z)\g qk {ez)\ 1 / 2 dz 
+ qu? J (2 - q$ k (zj) Mz)wk(z)f(z)\g qk (^)\ 1/2 dz 



Here T k = B(0,r/2e k ) n supp/ and rp(u k )(x) := ip k {x) = ip k (exp qk (£ k z)) := 
ipk(z) where X £ B g (q k ,r) and z € B(0,r/e k ). Since supp/ fc C B g (q k ,r/2), by 
definition of Xr and by (4]) we have 



V ' g ip(u k )S7 g f k + (1 + q 2 u k )^(u k )f k - qu 2 k f k d/j, g 
e /c Jr k y 

+e 3 / (l + ^w^z))^^)/^)!^^)! 1 / 2 ^ 



/M 



-ef / g ^(z)/(z)|. 9gfc (ez)| 1 / 2 dz, 
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SO 



(24) Y.9l{zkz)d z Mz)d z J{z)\g qk {sz)\ 1 l 2 dz = 

= 4 I ((l + <Z 2 Wfe (z))^(z) + ^(z))/(z)|5 9fc M| 1/2 ^ 



Arguing as in Lemma [8] we have that 

\\7tjj k (z)\ 2 dz < — I \V g ip k \ 2 d^g < —q [ u 2 k ip k 

B{0.r/e k ) £ k J M £ k J M 

< 4 ful<\\u k \\l k <C 

£ k J 

where c, C > are suitable constants. Moreover, by Lemma [8] 

ci / \i> k {z)\ 2 dz < X [ i>kd^ g < HkWm < c 2 -^\u k \Xg 

JB(0,r/e k ) £ k JM 9 £ k 

< c 2 \u k \% e <C 

where c±, C2, C > are suitable constants. Conlcuding, we have that ||V , fc||_ffi(B(o,r/e fc )) 
is bounded, and then also ||xr/e fc ( z )V'fc( 2; )l| 2 ji(R3) is bounded. So, there exists a 
xj) £ H 1 (M 3 ) such that 4> k (z) := Xr/e k { z )4>k{z) -> ?/> weakly in i? 1 (R 3 ) and strongly 
in Lf oc (M 3 ) for any 2 < p < 6. 
By EM we have 



£ 4 (e fc «)M* (z)0,, /(*) M| ^ = 

y 

= 4/ ((i + « a i«fc(«))^fc(*) + <n«fcW)/(«)lff a («)r /2 <fa 

and, using that g k (ez) = 5ij + 0(e1\z\) and that \g q {ez)\ 1 / 2 = 1 + 0(s||z|) we get 
VMz)Vf{z)dz = e\ f ((1 + q 2 w k (z))Mz) + qw 2 (z)) f(z)dz + 0(e 2 ). 



Thus, the function ip £ 7? 1 (K 3 ) is a weak solution of — Atp = 0, so tp = 0. 
At this point, arguing as above we have 

(25) 

— / (2 - qtp(u k )) ^(u k )u k f k dfi g = — (2 - #(«fe)) ^(u k )u k f k dfi g = 

£ k JM £ k JB s (ft,r/2) 

(2 - # fc ) $ k w k f\g qk (ez)\ 1/2 dz -> 

supp/ 

while k — > 00 because ip k — > strongly in Lj' oc (R 3 ) for any 2 < p < 6. Thus, by (f2"5"j) . 
(f2"2")l and (j2"5j) and because ui fe — w in iJ 1 we deduce that, for any / £ Cq°(R 3 ), it 
holds 

VtoV/ + (a - Lj 2 )wf - {w+y- 1 ! = 0. 
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Thus, w is a weak solution of —Aw + (a — lo 2 )w = w p 1 . Moreover, by (fTS]) we 
have 

(26) Hla<li minf|K||2<-^ moo 

fe p — 2 

Set 

M oo = {v€H 1 (M 3 )^{0} : \\w\\l = \w\%}, 

we have that w € A/"oo U {0}. We want to prove now that w ^ 0. In fact, by the 
definition of the partition V £ we can choose a T > such that P k c B g (q k , £fcT). 
Now, by Lemma [T7I we have, for large 

(w+) p dz = / (M+(exp gfe (e fc z))xr(£fc|z|)) P dz 

B(0,T) JB(0,T) 

> ^ I (u+{e^ qk {y))) P \ 9qk {y)\ 1/2 dy 

£ k J B(Q,e k T) 

(27) > ci / |«+|*d Mfl > 7- 

Thus, w 6 jVoo and, we have, in light of ([26]) that ||w||„ = = ^z^Woo and that 
that Wk — > w strongly in i/ 1 (R 3 ). 

Arguing as in (p?7) . and remembering that \g q {e k z)\ 1 / 2 = 1 + 0(e||z|), fixed T, 
by ([!§)) we get, for A; large 



:m 



/ K)'*<(i-2)J 

JB(0,T) K 2/ p 

Moreover, there exists a T > such that J B , Q ^ w p dz > (l — §) ^z^ TO oo an d, for 
w fc -> to strongly in if oc (R"), J B(0 T) (w£) P dz > (l - § ) ^m^. This gives us 
the contradiction. At this point we have proved the claim for u e A4 H /™e+ 25 . By 
the thesis for 2u e A/" E n we can p r0 ve the claim in the general case. Indeed, 

for Uk it holds 

\ z PJ L £ k JM l £ k JM 

1 u 2 q f 

> (1 - 77)TOoo - -—3- / U 2 k lp(uk)dlJLg 
1 £ k JM 

By compactness of M there exists qi , . . . , qi such that 

— / u 2 k ifj(u k )dfig < V -3 / u 2 k ip(u k )dfi g 

£ k JM i=1 £ fc JB g ( qi ,r) 

For any g^, arguing as above, we can introduce two sequences of functions lot and 
such that -> iu*, strongly in H 1 (R 3 ), w l solution of (|2Tj) . and that ^ — > 
strongly in Lf oc (R 3 ) for any 2 < p < 6. We thus have that, for any q l 



1 



E 



k JB g (q\r) 



ulip(uk)d(j, g < (w k ) i> % k dx -> 0. 
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At this point we have that limsup fc m Sk > moo, and, in light of Remark I16| that 
linifc m £fc = moo. Hence, when e, S are small enough, Af e H J™°° +i C Af s H P £ n ^+ 2S 
and the general claim follows. □ 

Proposition 19. There exists So G (0,77100) such that for any S G (0, <5q) and any 
e G (0,e(<5o)) fsee Provosition \15\), for every function u G Af e H /™° c + <5 i£ ZioZrfs 
/3(u) G M r . Moreover the composition 

f3 o $ e : M -> M r 

is s homotopic to the immersion i : M — > M r 

Proof. By Proposition [TBI f° r an y function w G A4 n 7™°°+*, for any 77 G (0, 1) and 
for e, (5 small enough, we can find a point q = q(u) G M such that 



f 



B(q,r/2) P ~ 1 



Moreover, since u G Af e fl we have 

2 2 

+IP " r 
lp ' £ 2e 3 



moo + 5 > I e (it) = 

' p-2 
2p 



> 



p-2 
2p 



,+ \p 



u 2 tp 2 (u)dii g 



2 

2^ 



u 2 ip(u)dfi g > 



2 



u 2 ip(u)diig 



M 



Now, arguing as in Lemma [5J we have that HV'MII-H" 1 ^) 

< (/ M u 12 / 5 ) 5/6 , then 



< Ce 2 \u\$ 2/5jE < Ce 2 \\u\\t < Ce 2 

because \\u\\ e is bounded since u G N e n /™°°+< 5 . 

Hence, provided we choose e(<5o) small enough, we have 



,12/5 



M 



5/3 



p-2 
2p 



\u + \ p p , e < moo + 2S a . 



So, 

Finally, 

\fi{u)-q\ < 

< 
< 



P" fB(g,r/2)( U+ y 



> 



1 — 7] 



1 + 2Sa/m 

C 



h fB(q,r/2) ( X ~ l)( U+ ) P W L^B( q ,r/2) ( X ~ l)^) 1 



,+ \P 



\p.s 



2diam(Af) 1 - 



1-7? 



\ 1 + 25o/m c 



where diam(M) is the diameter of the manifold as a subset of R . Thus, choosing n, 
So and e(6o) small enough we proved the first claim. The second claim is standard. 

□ 
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9. Profile description 

Let u £ a low energy solution. By standard regularity theory we can prove that 
u £ £ C 2 (M). So there exists at least one maximum point of u £ on M. We can prove 
that, for e small, u £ has a unique local maximum point P £ and we can describe the 
profile of u s . 

Lemma 20. Let (u e ,ip(u e )) be solution of (QJj such that I s (u e ) < TOqo +8 < 2tooo. 
Then, for e small, u £ is not constant on M . 

Proof. At first we notice that if u e is constant, also ip{u £ ) is constant. Moreover, 
by (HJ the values of u £ and tp(u £ ) depend only on a,uj,q and p. Let u £ — uq and 
ip{u £ ) = ipo. Immcdiatly we have 

Is{u s ) = ( ~ - - ) -o / {a-u 2 )uldn g 
\ z PJ £ J M 

'1 2\w 2 q[ „ oj 2 q 2 f „ - 

9 ~ « / "olM^ + -3— / u %dfi g -> +00 

which leads us to a contradiction. □ 
Lemma 21. Le£ xq £ M be a maximum point for u e solution of {Ip. Then 
(28) {u £ {x Q )f- 2 > a~Lu 2 

Proof. Since Xq is a maximum point, A g u e (xo) < 0. Thus 

> e 2 A g u E (x ) = u £ (x a ) a - {u E (x )) p ~ 2 - uj 2 (qip{u £ )(x ) - l) 2 
and, recalling that \qip(u £ ) — 1| < 1, 

a < (u £ (x )) p ~ 2 + w 2 (qip(u £ )(x a ) - l) 2 < (u £ {x Q )) p ~ 2 + oj 2 
that concludes the proof. □ 

Lemma 22. Let u £ be a solution of (QJ) such that I £ {u £ ) < TOoo + <5 < Im^. 
Suppose that u £ for every e has two maximum points P £ ,P 2 £ M. Then, when e 
is sufficiently small, 

d g {P^,P 2 )~>0 ase^O. 

Proof. By contradiction, let {£j} a vanishing sequence such that Pi -> P 1 £ M 
and P 2 -> P 2 £ M and P 1 ^ P 2 . We define Ql £ R" such that 

PI. =exp P< (Q;.) i = 1,2. 

we define 

< v 1 (z) := u Sj (exp P i(Ql. + Ejzfj = u £j (exp P i(y)) = u £j (x) 

where x £ B g (P 1 , r) and z £ l n such that \Q\. + £jz\ < r, r being the injectivity 
radius of M. We notice that, by definition, Q\. — > as ej — > 0, so in the following 
we simply assume \z\ < R/sj for the sake of simplicity. 

By (2S) we have that v 1 (Q) = u £j (P £j ) > a - uj 2 > 0, moreover 

2p 
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We define 

v)(z) = v 1 j (z) Xr {\Ql j +£jz\) = u Ej (x) Xr {exppl{x)) G H\R 3 ). 
We have that 

||jffi(R») < Cll^-lllri^^.r/e,-)) < C 

thus there exists v 1 G i? 1 (R 3 ) such that — >■ w 1 weakly in H 1 (M 3 ) and strongly 
in I/* oc (]R 3 ) for 2 < t < 6, and, as a consequence, v 1 - — > -5 1 strongly in Lf oc (R 3 ) for 
2 < < < 6, in fact, fixed T, for sufficiently small B(0,T) C {|z| < r/ej}. 

Given tp G C^°(R 3 ), for £j small we have that supp^ C B {^Q 1 £j , -^r^j , thus, since 
u e is a solution of ([TJ), 



(29) 



= 



Y,9 l MQl 3 + e j z)d Zi vj(z)d zlV >(z) + (a- U 2 )tf(z)<p(z) 

suppip |_ a 



IgMiQ'+e.z^dz 



supp^ 



{v){z)f-\{z)\g P ,((Ql.+e j z))\ 1 ^dz 
W / (2 ^■(z)5j(z)^(z)| 5pl ((gi j + £j z))| 1 /2 dz 



supp^ 



where -0 (u Ej ) (.x) := ipj(x) — ipj(exp P i(Ql.. + £ i z )) : ~ V-'j( z )- Arguing as in the 
proof of Proposition ITHl we can prove that ipj —> in Lf oc (R 3 ) and that Xri>j ~^ 
in H^M 3 ). By this, and by (J29)) we argue that, for all ip G C^°(R 3 ) 



= / [V5 1 (z)V(^(z) + (a-w 2 )5 1 (z)(^(z)-(5 1 (z)) p -V(^)]^, 

J supptp 

that is i; 1 weakly solves 



-At 1 + (a- uj 2 )^ = (^y- 1 on M 3 . 
We can prove that vj —> v 1 in C 2 oc (M. 3 ). We know that, for z G £?(0, r/2), 



5>< (<?^(<4 +e^)|ffpi((Q^. + £ ^))| 1 / a ^« J H^ 

i/ 

= \g P i{{Q\.+e jZ ))\^ {-{a ^)v){z) + (v^z))^ 1 - qu 2 (2 - q^{z)) ^{z)v){z)} := /(z); 
it is easy to see that / G Lp^ 1 , thus we have 

11 ■> U H 'p-1 (B(0,r/2)) ~~ " J "iP-i (B(0,r/2)) 1 1 1 1 L V- 1 (B(0,r/2)) ~~ 

and we can use a bootstrap argument to prove that indeed / G L s , and G 
H 2,s (B(0,r/2)) for s sufficiently large, and, by Sobolev embedding, that vj G 
C°' 6 (B(0,r/2)) for some < < 1. The same argument may be used to prove 
that ipj is continuous. Then, by the Schauder estimates ([23, page 93), that is 

lk-||c*.«(B(0,f)) < lkjllco.8(B(0,r/2)) + ll/llc°.<»(.B(0,r/2)) < C, 
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we conclude that v) -> v 1 in Cf oc {B{Q,T)) for all T > and, since ^(O) > a - uj 2 , 
v 1 ^ 0. Thus v 1 — U positive and radially symmetric. We can repeat the same 
argument for P e 2 . Now, choose R such that 

f |W| 2 + (a c 2 )P 2 > 2P m °° +S 



'B(o.fl) p-2 2 

For Sj sufficiently small, we have that e,i? < a n^ r - r I ; t nus 



I E .(u e .) > [--- 



> 



1 PJ £ j JB g (P 1 ,e j R)UB g (P 2 ,s j R) 



(30) 2 ( i — i ] / |VP| 2 + (a- w 2 )P 2 > + <5 

which leads us to a contradiction. □ 

Lemma 23. Lef u 6 6e a solution of {Ip suc/i that I £ {u e ) < +5 < 2moo. Then, 
when e is sufficiently small, u e has a unique maximum point. 

Proof. Suppose that there exists a sequence Sj — ¥ such that u ej has at least two 
maximum points Pi and P e 2 . By Lemma [22] we know that d g (P*. , P £ 2 ) -> 0. 
Step 1. It holds' 

(31) lim ^d g {Pl .,P e 2 .)=+oc 

Suppose, by contradiction, that d g (P}.,P 2 .) < cej for some c > 0. Consider 
w £j = u 6j (exp P i (sjz)) with |z| < c. 

For any j, w £j has two maximum points in B(0, c). Moreover, we can argue, as in 
Lemma |2"21 that w Sj — > U in Cj 2 c (R 3 ) and this is a contradiction. 
Step 2. We show that (f3"Tj) leads to a contradiction. 

In light of (J3TD we have that, fixed p > 0, then B g {P}. , pe,) n P 9 (P e 2 , pej) = 
for j large. Then we proceed as in Lemma [221 and we get the contradiction. □ 

Lemma 24. Write u e — Wp c>e + \& E where Wp ei£ is defined in J2p. It holds that 
||*e|U°°(Ar) -> and for any p>0 \\u e - Wp e , £ \\c 2 (B g (p e , sp )) ™> as e -> 0. 

Proof. By the C 2 convergence proved in Lemma [221 we have that, given p > 0, 

IK - ^Pe,s||c=(-B 9 (iW)) = IK(exp Fe (£z)) - t^(2:)||c 2 (S(0,p)) -> 

as e — >■ 0. Moreover, since u e has a unique maximum point by Lemma [23| we have 
that, for any p > 0, 

max u e (x) = max u e {x) — maxP(z) + c(e) < ce~ ap + o~i(s) 

x£M^B g (P e ,ep) xedB g (P e ,ep) \*\=P 

for some constant c, a > and for some CTi(e) — > for e — > 0. This proves the 
claim. □ 
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